Third-law gas-phase statistical entropies are computed for a variety of closed-shell singlet state species using standard formulae based upon canonical partition functions. Molecular parameters are determined ab initio, and sensitivity analyses are performed to determine expected accuracies. Several choices for the canonical partition function are examined for internal rotations. Three general utility procedures for calculating the entropies are developed and designated E1, E2, and E3 in order of increased accuracy. The E1 procedure adheres to the harmonic oscillator approximation for all vibrational degrees of freedom other than for very low barrier internal rotations, these being treated as free rotations, and yields entropies to an accuracy of better than 1 J mol Ϫ1 K Ϫ1 for molecules with no internal rotations. For molecules with internal rotations, errors of up to 1.8 J mol Ϫ1 K Ϫ1 per internal rotation are observed. Our E2 procedure, which treats each individual internal rotation explicitly with a simple cosine potential, yields total entropies to an accuracy of better than 1 J mol Ϫ1 K Ϫ1 for species with zero or one internal rotation, and better than 2 J mol Ϫ1 K Ϫ1 for species with two internal rotation modes. Rotor-rotor coupling is found to contribute on the order of 1 J mol Ϫ1 K Ϫ1 for a third-law entropy. Our E3 procedure takes this into account and, with the aid of new ab initio two-dimensional torsional potential energy surfaces of state-of-the-art accuracy, improves the accuracy of the predicted entropy for species with two internal rotation modes to approximately 1 J mol Ϫ1 K
I. INTRODUCTION
Absolute third-law entropies for gases, as calculated from spectroscopic data, have found common use as an accurate means of computing gas-phase reaction entropies. There are several sources available which list standard entropies for a multitude of neutral compounds computed in this way. [1] [2] [3] However, for many molecules, and particularly ions, spectroscopic data are not available, and hence firstprinciples thermodynamic results cannot be obtained in this manner.
An alternative source for reaction entropies comes directly from measurements of the temperature dependence of equilibrium constants. This has been particularly important in the area of gas-phase ion chemistry. For example, recent extensive experimental effort ͑see for example, Refs. 4-9͒ has been directed towards obtaining scales of gas-phase proton affinities, i.e., enthalpy changes for reactions
and entropies play an important role in the analysis. The two principal experimental procedures for obtaining the quantitative data required for setting up proton affinity scales both involve measuring the equilibrium constant (K) for protontransfer reactions of the type
The single-temperature experiments must assume a value for ⌬S in order to determine ⌬H, while the variable-temperature experiments produce a value for ⌬S from the van't Hoff plot of ln K versus inverse temperature. Theory has also been able to make a valuable contribution to the study of the thermodynamics of proton-transfer reactions. For example, extensive recent studies [10] [11] [12] [13] have demonstrated excellent agreement between experimental proton affinities and values calculated at the G2 level of theory 14 and some of its simplified variants. There remain some discrepancies among experimental results for enthalpies and entropies of proton-transfer reactions, however, suggesting that a parallel ab initio investigation of absolute third-law entropies of gas-phase molecules and their protonated cations would be quite useful.
The present study examines ab initio procedures and statistical thermodynamic models that might be used in general utility procedures for the prediction of molecular entropies. At the one extreme, we aim to develop a model ͑E1͒ that produces entropies of reasonable accuracy at minimal cost and which therefore should be capable of widespread application. At the other extreme, we aim to develop a model ͑E3͒ that produces entropies of high accuracy at reasonable cost, that would be suitable for more demanding situations. In a companion study, we examine the application of these models to proton-transfer reactions.
The theoretical methods used in the present work are presented in Sec. II. In Sec. III, sensitivity analyses are performed, and in Sec. IV the results of various statistical thermodynamic procedures are presented. In Sec. V, the three general-utility procedures ͑E1, E2, and E3͒ selected for complete first-principles computation of third-law entropies are described, and general conclusions are presented in Sec. VI.
II. THEORETICAL METHODS
Standard ab initio molecular orbital calculations 15 were performed at a number of levels of theory, using various versions of the GAUSSIAN 16, 17 and MOLPRO 18 codes. In the section of this work dealing with explorations of levels of ab initio theory, a variety of one-electron atomicorbital basis sets and levels of electron correlation were investigated. Of the eleven Gaussian basis sets which were tested, eight sets are due to Pople and co-workers [19] [20] [21] [22] ͓rang-ing from 6-31G(d) to 6-311ϩG(3d f ,2p)͔ and three sets are due to Dunning and co-workers 23, 24 ͑cc-pVDZ, aug-ccpVDZ, and cc-pVTZ͒. The d and f shells in all basis sets contain five and seven functions, respectively ͑i.e., no supernumerary s or p functions are present͒, except for d shells appended to the 6-31G sets, in which case Cartesian 6d sets are standard.
Beyond the molecular orbital approximation of HartreeFock ͑HF͒ theory, the effect of electron correlation on internal rotation barriers was investigated using Mo "ller-Plesset perturbation theory ͑MP2, MP3, MP4͒, [25] [26] [27] [28] coupled-cluster 29, 30 and quadratic configuration interaction 31 theories including all single and double excitations from the reference configuration ͑CCSD and QCISD͒, and the extension of these latter two to incorporate effects of triple excitations via perturbative corrections ͑CCSD͑T͒, CCSD͓T͔, QCISD͑T͒, and QCISD͓T͔͒. 32, 33 Core orbitals were frozen in all correlated computations, with all valence and virtual orbitals remaining active.
Analytic gradient techniques [34] [35] [36] for the RHF 37, 38 and RMP2 [39] [40] [41] [42] methods were used to perform complete and constrained geometry optimizations of minima and internal rotation maxima, to 10 Ϫ 5 Å and 10 Ϫ3 degrees in all but exceptional cases, with the GAUSSIAN program packages. For some transition structure optimizations, the eigenvector-following optimization method of Baker 43 was found to be a significant aid. Analytic HF second derivatives 39, 44 for frequency calculations were also performed with GAUSSIAN, while energies were determined using both the GAUSSIAN and the MOLPRO codes.
For the principal body of calculations, geometric structures of the molecules and cations were optimized at the MP2/6-31G(d) level of theory ͑with frozen core-orbitals, unlike G2 theory 14 ͒, while the HF/6-31G(d) level of theory was used to obtain harmonic vibrational frequencies at the HF potential surface minima. Energetics for internal rotation modes were obtained from MP2/6-311ϩG(2d f ,p) energies computed using the MP2/6-31G(d) geometries.
Standard statistical thermodynamic formulae are employed for the calculation of absolute third-law entropies.
The rigid-rotor-harmonic-oscillator ͑RRHO͒ approximation is assumed for all rotation and vibration modes, except for internal rotation modes for which various models were employed. The harmonic oscillator produces poor and fundamentally incorrect results for the entropy of an internal rotation mode when the barrier to rotation becomes vanishingly small ͑extrapolating to infinite entropy when the barrier drops to zero͒. Internal rotations are therefore treated not only with the harmonic oscillator approximation, but also with other models using the excellent machinery provided 50 years ago by Pitzer and co-workers, [45] [46] [47] as discussed in more detail below. Since all species in this work have straightforward closed-shell singlet electronic structures, electronic contributions to the entropy were neglected. Nuclear spin and isotopic effects are generally neglected as well, with the most abundant isotopes, e.g., 12 C 16 O, being used unless otherwise discussed.
III. SENSITIVITY ANALYSES
Exploratory analyses were first carried out to determine ͑i͒ cost-effective levels of ab initio theory to use for the determination of molecular parameters, and ͑ii͒ the kind of accuracy one can expect from them. Fortunately, only moderate levels of theory are needed to reduce the errors in entropy down to those of the independent ͑normal͒ mode approximation of standard statistical thermodynamics. For systems with strongly coupled low frequency modes, where the normal mode approximation begins to break down for the description of the excited energy levels which are accessed at moderate temperatures, the independent mode approximation itself can present errors of 1 J mol Ϫ1 K Ϫ1 or more in absolute entropy. We thus set 1 J mol Ϫ1 K Ϫ1 accuracy as an ultimate target for our most accurate entropy model ͑E3͒, anticipating that for many purposes this should be more than sufficient.
A. Levels of ab initio theory
Let us consider the individual components of the thirdlaw entropy of a mole of identical molecules. Electronic entropy ͑S elec ͒ is most commonly represented as a contribution of R ln ⍀, where ⍀ is the electronic degeneracy of the ground state. In this work, we shall only examine closedshell-singlet species and hence we can ignore ͑S elec ͒. The translational entropy ͑S trans ͒ for ideal gases at a specific temperature and pressure depends only on the molecular mass, and hence is unaffected by choice of ab initio method. The entropy due to external molecular rotation ͑S rot ͒ under the rigid rotor ͑RR͒ approximation depends on the principal moments of inertia of the molecule; these are derived from the geometrical parameters which are dependent on the level of ab initio theory used in geometry optimization. The entropy due to molecular vibration ͑S vib ͒ under the harmonic oscillator ͑HO͒ approximation depends on the harmonic vibrational frequencies, which can also be determined ab initio, but are again dependent on the level of theory employed.
Three levels of theory were tested for the calculation of rotational and vibrational entropies for methanol and water, and the results are compared in Table I with those obtained using experimental molecular parameters. [48] [49] [50] For rotational entropy, each estimate is within 0.33 J mol Ϫ1 K Ϫ1 of the values obtained using experimental geometries. As HartreeFock bond lengths are generally too short, the entropy estimates derived from them will generally be too low. With regards to the MP2 results, the larger 6-311G(d, p) basis set improves the rotational entropy estimate for water by 0.24 J mol Ϫ1 K Ϫ1 relative to the MP2/6-31G(d) result, but for methanol the results are equally good. The smaller basis set can be applied to a larger range of molecules due to lower computational requirements, and hence the MP2/6-31G(d) level of theory was chosen as the standard for the general optimization of structures for rotational entropy.
The vibrations which contribute most to the absolute entropy are those of lowest frequency, and only the two largest contributions appear in Table I . The systematic overestimation of vibrational frequencies by the HF and MP2 levels of theory produce systematic underestimation of vibrational entropies. Not only can these accumulate for molecules with several low-frequency vibrations, but a 5% overestimation of a low frequency ͑which is the typical error observed with MP2 theory͒ causes a 15-30% underestimation of its entropy ͑based on our results for water and methanol͒. In addition, thermodynamic results using the harmonic oscillator approximation are improved by using the true vibrational fundamental rather than the harmonic frequency . Hence we employ the common practice of empirically scaling the ab initio harmonic frequencies, and report results so obtained. 51, 52 The two largest vibrational entropy contributions are insignificant for water, while for methanol they each contribute 0.3 J mol Ϫ1 K
Ϫ1
, and are predicted to within 0.02 J mol Ϫ1 K Ϫ1 for each level of theory after scaling. The HF/6-31G(d) method with its well-established scaling factor ͑0.8929͒ 51 was chosen for vibrational entropies. We note that these levels of theory, which represent a compromise between accuracy and efficiency, are the same as those used in G2 calculations, 14 with the minor difference, as noted earlier, being that in G2 theory the geometrical structures are optimized without freezing the core electrons in the MP2 calculations. This distinction is unlikely to lead to any significant differences in calculated entropies. For hindered internal rotations, the potential energy is better described by the cosine potential
rather than the harmonic potential. In this expression, ␣ is the torsional angle, n the periodicity of the rotation, and V 0 the barrier height. In this case, the contribution to absolute entropy can be found from the tables of Pitzer and co-workers. 45, 53 These tables provide values of the entropy as a function of V 0 /RT and 1/Q f , where R is the gas constant ͑8.31451 J mol Ϫ1 K Ϫ1 ͒, T is temperature, and Q f is the partition function of the free ͑unhindered͒ internal rotor, which itself is a function of temperature, the rotor symmetry number , and the internal rotor moment of inertia I. In order to gauge the effects of errors in V 0 and I on this entropy, the Pitzer tables were used to produce Table II . The values of most interest in this work are values for methyl groups rotating against massive groups ͑the right side of Table II͒ and  the internal rotation in methanol ͑the upper left of Table II͒. The results indicate that a change in V 0 of 1 kJ mol Ϫ1 leads to a change in entropy of 0.4-0.5 J mol Ϫ1 K
, while a change in I of 0.05 amu Å 2 leads to a change in entropy of 0.1-0.3 J mol Ϫ1 K
. Hence, in order to restrict the error in the internal rotation contribution to the entropy to a target of 0.3 J mol Ϫ1 K Ϫ1 at 298 K, V 0 and I need to be accurate to approximately 0.8 kJ mol Ϫ1 and 0.05 amu Å 2 , respectively. At 600 K the requirement on V 0 is slightly more relaxed, with 1.0 kJ mol Ϫ1 accuracy in V 0 being sufficient for the same 0.3 J mol Ϫ1 K Ϫ1 target accuracy in hindered rotor entropy.
Barrier heights can be straightforwardly obtained using ab initio methods. Results are presented in Table III and  Table IV for the barrier height for internal rotation of methanol. These test runs were performed to determine a level of theory suitable for the computation of barrier heights to desired accuracy, and basis set and electron correlation effects were considered separately. The structures of the staggered and eclipsed conformations were optimized at the MP2/6-31G(d) level. Table III suggests that correlation effects beyond MP2 are small. Note that the 6-311G(d,p) basis set performs quite poorly in this case, overestimating the barrier height by about 1.5 kJ mol
. Selecting the MP2 level of correlation, eleven basis sets were tested ͑Table IV͒. The barrier height as determined spectroscopically will contain zero-point vibrational energy ͑ZPVE͒ contributions from all other vibrational modes; Bell 54 estimated this effect for methanol to be ϩ0.28 kJ mol Ϫ1 using MP2/DZ(d, p) theory, which we expect to be typical. While it would be essential to include the ZPVE effect if spectroscopic accuracy is desired, it is not of concern when attempting to compute the entropy to a thermodynamic accuracy of 1 J mol Ϫ1 K
, as demonstrated above with the data in Table II . For methanol, the use of the 6-311ϩG(2d f ,p) basis set ͑without ZPVE͒ provides an estimate ͑4.45 kJ mol Ϫ1 ͒ within 0.3 kJ mol Ϫ1 of both the experimental and classical barrier heights ͑4.47 and 4.19 kJ mol
, respectively͒. This is the ultimate basis set which is approximated in G1 theory, 55 and it was chosen in conjunction with MP2 theory ͑and without ZPVE͒ for barrierheight computation in this work. In the recent work of Chung-Phillips and Jebber, 56 an analysis of the effect of basis set on computed internal rotation barriers is provided for a series of small molecules, and supports our use of a large basis set with MP2 theory.
For more complicated internal rotation potentials, tabulated or fitted results based on the single cosine represent the only means of incorporating hindrances to free rotation without having to perform numerical integration. Therefore it becomes useful to be able to mimic each internal rotation with a single cosine term unless very high accuracy ͑better than 1 J mol Ϫ1 K
͒ is desired. The varying barrier heights in more complex one-dimensional rotations can be averaged, with ''minor'' barriers ͑of a height less than a quarter of the largest barrier height encountered during the rotation͒ being neglected. For multiple coupled internal rotations, the difficulty in selection of single-rotor potentials and the resulting errors produced by this approximation both increase with the magnitude of the coupling. Choosing the single-rotor barriers as the differences between standard conformations ͑staggered-staggered and staggered-eclipsed, for example͒ may result in high entropy estimates if there is a significant drop in the torsional potential energy at nonstandard conformations. Choosing the single-rotor barriers as the differences between true global minima and single-rotor maxima can be unsuitable in cases where the connection between a minimum and corresponding maximum on the true potential surface either ͑i͒ involves a change in the primary torsional coordinate which is substantially different from that in the idealized cosine potential ͑e.g., 40°instead of 60°for a methyl rotation͒, or ͑ii͒ requires strong and nonuniform dependence of the secondary torsional coordinate upon the primary one. In this work, we use the latter approach, the single rotor barriers for the simple cosine models being chosen as differences between true global minima and single-rotor maxima. In the cases where this choice becomes poor, the potential will be sufficiently complex that a numerical integration will be required, and a full coupled potential should then be used, as we will demonstrate for ͑CH 3 ͒ 2 CH ϩ in Sec. III C below. Table V presents the calculated torsional barriers for a wide selection of molecules, to be used later in the paper in determining third-law entropies. The barriers to the internal rotation in CH 5 ϩ , toluene, the ortho-and para-protonated toluenes, and the tertiary-butyl cation are deemed sufficiently small that we treat the rotations as free rotors in the entropy calculations. For example, for toluene and its paraprotonated cation, the MP2/6-31G(d) methyl rotation barriers are 0.22 and 0.21 kJ mol
, respectively. For the tertiarybutyl cation, our conformational analysis ͑similar to an earlier one by Sieber et al. 57 ͒ drew us to the conclusion that, although the potential surface for the torsional motions of the three methyl groups is qualitatively complex, it is quantitatively rather flat, fitting entirely within a ϳ6 kJ mol Ϫ1 span. We shall comment on this species later, in Sec. VI D.
It can be seen from Table V that the effect of MP2 correlation for methyl rotation barriers is most significant for those cases where methyl groups are bonded to oxygen atoms or double-bonded systems. The importance of the larger basis set is substantial ͑greater than 0.8 kJ mol
͒ when lone and 3.17-3.28 from microwave rotational splittings using independent-rotor models [65] [66] [67] [68] [69] ͒ have been substantially higher, as have many ab initio results using smaller basis sets. [70] [71] [72] [73] [74] [75] The high degree of potential coupling of the two methyl rotors in acetone is apparently responsible for causing greater difficulties in understanding the nature of the internal rotations in this case.
For internal rotor moments of inertia, the MP2/6-31G(d) structures were deemed to be suitable, based on the results for overall rotational entropy. However, internal moments of inertia can be approximated in many ways, and this subject warranted a separate investigation in itself.
B. Levels of approximation for internal moments of inertia
Research into the energy levels and thermodynamic properties of internal rotations was most prevalent in the 1930s and 40s. After initial contributions by such scientists as Nielsen, 76 Mayer et al., 77 Teller, 78 Kassel, 79-82 Pitzer, 83 and Wilson, Jr., 84, 85 generalization of the theories as applied to thermodynamic properties was established principally by Pitzer and co-workers. [45] [46] [47] The important connection with spectroscopic theory for the energy levels of internal rotations was solidified in the early 1950s with the advances of Dennison and co-workers, [86] [87] [88] whose meticulous work on the microwave and infrared spectra of methanol provided a substantially improved picture of a hindered rotation, and one which afforded agreement between the calorimetric and spectroscopic thermodynamics which were studied in concert by the Pitzer group. 89, 90 As far as thermodynamic properties are concerned, the theory rests upon the numerical solutions of the Matthieu equations, which result from the one-dimensional Schrö-dinger equation for a rotor having moment of inertia I and the cosine potential in Eq. ͑3͒. The first extension to the general case of a multi-rotor vibrating molecule simply uses the independent-rigid-rotor assumption. More accurate extensions require more elaborate expressions for the potential energy for internal rotations, together with numerical integration and further approximation. While the theory with the independent-rigid-rotor model cannot consider potential coupling, it can account for kinetic ͑angular momentum͒ coupling approximately via a series of reductions of the internal moments of inertia. These reductions and various approximations are now summarized and investigated.
The notation I (m,n) is introduced here as a means of bookkeeping the various approximations of an internal moment of inertia. Here the n indicates the level of approximation for a rotor attached to a fixed frame before any reduction of this moment of inertia due to coupling with external or other internal rotations, while the m indicates the level of approximation of the coupling reduction. Since one can arbitrarily choose either end ͑''left'' or ''right''͒ of the twisting bond to be the rotating group, a subscript L or R can be added in most cases, i.e. I L (m,n) and I R (m,n) , which can produce different values for some approximations although they will be identical in an exact treatment.
If nϭ1, the moment of inertia of the rotating group is computed about the axis containing the twisting bond. If nϭ2, I is computed about the axis parallel to the bond but passing through the center-of-mass of the rotating group. 91 If nϭ3, I is computed about the axis passing through the centers-of-mass of both the rotating group and the remainder of the molecule.
If mϭ1, the moment of inertia of the rotating group is not reduced. If mϭ2, the reduced moment due to coupling with overall molecular rotation is approximated 91 by
If mϭ3, the coupling with molecular rotation is properly performed 45 with
where the I i are the principal moments of inertia of the molecule, and Xi is the direction cosine between the ith principal axis and the axis of twisting about which I X (l,n) was computed.
The I X (3,1) estimator is exact for molecules with a single, symmetric rotor. For a single asymmetric rotor ͑and, if one wished, for instantaneously asymmetric methyl rotors such as those resulting from equilibrium structures͒, there is an exact I X (3, 4) estimator, with a ⌳ XX (4) correction in Eq. ͑5͒ which is more complex than that of Eq. ͑6͒, and the reader is referred to the original work for details. 46 For molecules with multiple rotors, individual reduced moments of inertia for each internal rotation mode are not easily defined. The crude approximation of Pitzer and Gwinn 45 is a further reduction for the case of multiple rotors attached to the same rigid frame, and we denote it as mϭ4; here the kinetic coupling of one internal rotation ͑identified by a chosen rotating group X͒ with other internal rotations ͑identified by their chosen rotating groups Y ͒ is incorporated using
where the sum in Eq. ͑7͒ is over all Y . Just as with ⌳ XX (4) , the more complex formula for ⌳ XY (4) can be found elsewhere. 46 This approximation arises from deliberate neglect of the angular momentum cross terms P X P Y in the total kinetic energy expression, and the accuracy of such an omission for thermodynamic purposes is unknown. To cover the general case, including rotors within other rotors, an ultimate treatment is the determinant method of Kilpatrick and Pitzer, 47 which we could designate an mϭ5 treatment; however, the treatment is laborious and requires an extra scaling approximation to incorporate the angular momentum cross terms, and considering the probable errors which persist regardless due to nonrigid rotations and minor inaccuracies in equilibrium structures, we chose not to examine it. Table VI presents the results of these approximations for the internal rotation of methanol and one of the ͑equivalent͒ internal rotations of dimethylether. The structural parameters of the MP2/6-31G(d) optimized geometries were used, which results in instantaneous asymmetric structures for the methyl groups, due to differing C-H bond lengths and ЄOCH angles within each group at the optimized minima. However, the effect of methyl group asymmetry is small, as seen in comparing the nϭ1 and nϭ2 results using the methyl rotors. Also, treating the methyl groups as the rotors, rather than the asymmetric hydroxy and methoxy groups, allows the simpler nϭ1 estimates to be used without great loss of accuracy. As stated before, the I X (3, 4) computation is exact ͑within the rigid-rotor approximation͒ for molecules with a single internal rotation, and hence the I L (3, 4) and I R (3, 4) values are equal since the exact result should be independent of the choice of the rotating group. There are I CH 3 (4,n) but no I OCH 3 (4,n) values for dimethylether because the mϭ4 approximation requires a common fixed frame for the two rotating groups. For methanol, the desired value of 0.6348 amu Å 2 can be approximated to within 2% ͑0.015 amu Å 2 ͒ by I CH 3 (3, 1) , I (2, 2) and I (2, 3) , and within 7% by I OH ͑3,1͒ and I (2, 1) . For dimethylether, the asymmetric methoxy group produces disastrous re- 2.2982 I (4, 4) 2.5559 a These were computed using structural data for the optimized MP2/6-31G(d) minimum for each species. See the text for I (m,n) notation.
sults unless nϭ4, while the results for the methyl group behave well for nϽ4 and indicate that rotor-rotor coupling (mϭ4) is important. The I CH 3 (3, 1) estimate is 2% too high, while the I (2, 2) and I (2, 3) estimates are 4-6% high and I (2,1) is 14% too high.
Table VII presents, for several different internal rotations, the calculated moments of inertia using the approximations we deemed most eligible for use in the general utility procedures E1, E2, and E3. As written, the groups on the left are taken to be the rotating groups for the purposes of computation. The basic I (1, 1) values for methyl groups cluster tightly about 3͑1.0078͒͑1.09 sin 109.5°͒ 2 ϭ3.19 amu Å 2 . The methyl groups in protonated acetone ͑cis and trans to the OH group, see Fig. 1͒ and at the optimized minimum of the tertiary-butyl cation ͑Fig. 2͒ are nonequivalent, and hence are listed separately. The improvements from I (1, 1) to I (3, 1) are most significant when the chosen rotating group is the heavier of the two ends. When the chosen rotating group is the lighter of the two ends, the I (1,1) approximation lies within 50% ͑and often within 20%͒ of the I (3, 1) and I (4, 1) values. The improvements from I (2, 1) to I (3, 1) are most significant for molecules having groups with large mass asymmetry with respect to the internal rotation axis, such as ethyl or aldehyde groups, and I (2, 1) significantly improves upon the lighter-end I (1, 1) values when the two ends of the molecule are evenly matched in mass. The data in Table VII show that I (2, 1) generally lies within 5% of the best values, although in the small number of cases where there is large mass asymmetry the error can be as large as 30%.
The rightmost entries in Table VII , using the I (3, 1) approximation for single-rotor molecules and I (4, 1) for multirotor molecules ͑or I (3, 4) and I (4, 4) respectively if an asymmetric rotor is involved͒, are the values used in determining entropies in Section IV and for the E2 and E3 models ͑see Sec. V͒. It was only necessary to employ I (4, 4) once, for the ethyl-NH 2 internal rotation in ethylamine, in the present study. For the simpler E1 model, I (2, 1) was chosen instead, as it has the possibility of being more efficiently computed on a regular basis.
C. Selection of potential functions for rotor-rotor coupling
Effects of rotor-rotor potential coupling became apparent in many cases. One manifestation of this is in the location of minima on the MP2/6-31G(d) potential energy surfaces. Two examples of more complex situations occur with the protonated cations of propene and acetone, ͑CH 3 ͒ 2 CH ϩ and ͑CH 3 ͒ 2 COH ϩ , whose minimum energy conformations involve methyl rotor positions which are conrotationally distorted from idealized and more symmetrical C 2v and C s structures, respectively. In these cases, even the single-rotor potentials become more difficult to represent with simple cosine potentials ͑as required by the Pitzer tables͒. The second manifestation of rotor-rotor potential coupling is in the (3, 4) and I (4, 4) for the more imbalanced-NH 2 group. increased error associated with the independent-rotor assumption. In some cases, the energy of the single-rotor maximum ͑e.g. eclipsed-staggered, see Fig. 3͒ was found to be significantly different from the average of energies of the minimum ͑e.g. staggered-staggered͒ and the two-rotor double-maximum ͑e.g. eclipsed-eclipsed͒, which would not be the case if the rotors were independent.
In calculating thermodynamic properties of internal rotation modes, the simplest strategy which incorporates hindered rotor potentials involves keeping the independentmode approximation, ignoring the complexities in the onedimensional potential surfaces, and using the Pitzer tables individually for each rotation. This will correspond to our E2 procedure in Sec. V. The required barrier heights for systems with two coupled rotors were computed as the differences in energy between the global minima and single-rotor maxima conformations. These are the barriers displayed in Table V . The alternative use of energies of idealized high-symmetry optimized conformations for ͑CH 3 ͒ 2 CH ϩ and ͑CH 3 ͒ 2 COH ϩ would result in barrier heights which are 2.6 and 0.6 kJ mol Ϫ1 lower than the values in Table V , which are substantial differences ͑39% and 29% reductions, respectively͒.
For more complex potentials, Pitzer and Gwinn 45 proposed the following approximation ͑Q Scaled ͒ to the quantum mechanical canonical partition function Q Quant :
where the classical partition function ͑Q Class ͒ is scaled by the ratio suitable for converting the classical partition function for a harmonic oscillator ͑Q HO Class ͒ to its quantum mechanical result ͑Q HO Quant ͒. 45 Use of this approximation requires a ͑possibly numerical͒ solution of multidimensional integrals of the form
where the complexity of the coupled n-rotor potential V(␣ 1 ,...,␣ n ) naturally affects the complexity of the integration. We tested this approximation ͑just as Pitzer and Gwinn did͒ with the one-dimensional cosine potential, using up to 50-point Gauss-Legendre quadrature between 0 and 2/ ͑where , the periodicity of the cosine, was taken to be 3͒, yielding the results shown in Table VIII . In the numerical integration, 10-point quadrature was sufficient to converge the entropies to 0.01 J mol Ϫ1 K
Ϫ1
, while 20-point quadrature was sufficient for 0.001 J mol Ϫ1 K Ϫ1 convergence ͑and was used exclusively in ensuing calculations for each dimension͒. units͒ and confirms that errors in entropy due to this approximation are less than 0.1 J mol Ϫ1 K Ϫ1 for the range of rotors and temperatures considered here. We could not reproduce their test results beyond 0.1 J mol Ϫ1 K Ϫ1 accuracy, presumably due to differences in numerical integration and values of fundamental constants. Nonetheless, the approximation is sufficiently good to allow us to perform statistical thermodynamics using more complex, coupled-potential forms, to the accuracy of the ab initio level of theory used for the molecular parameters themselves, and will be incorporated into our E3 procedure of Sec. V.
The most general Fourier series potential for a two-rotor system is
where n 1 and n 2 are symmetry numbers for the internal rotations, e.g., 3 for methyl groups and 1 for the ethyl-NH 2 torsion in ethylamine. The initial work on rotor-rotor potentials in the late 1950 s focussed on dimethyl systems having a C 2v frame, and this general form of V(␣ 1 ,␣ 2 ) was first proposed for dimethyl systems (n 1 ϭn 2 ϭ3) by Grant et al. 92 in 1970 ͑ignoring a factor of 2 in the coefficients͒, although Fourier expansions were certainly employed earlier for such systems. If the Fourier series is expanded about a C 2v position denoted ␣ 1 ϭ␣ 2 ϭ0, then Eq. ͑11͒ reduces to which is the seven-term potential we generally began with ͑and usually simplified͒. The seven parameters can physically be thought of in the following way: an energy zero, two individual barrier amplitudes, two additional parameters to account for complexities in the one-dimensional methyl rotations ͑e.g., minima distorted from maximally symmetric positions͒, and two coupling amplitudes. The two coupling amplitudes may in turn be thought of as describing firstly the relative preference for conrotatory vs disrotatory motion ͑A 11 ss term͒, and secondly the relative height of the double maximum above or below the level of the sum of the two single maxima ͑A 11 cc term͒. In the majority of our cases we have equivalent methyl rotors and C 2v minima ͓such as in ͑CH 3 ͒ 2 CO͔ for which we employ the three-parameter function 92 and has support ͑see Reference 65͒. This allows us to obtain a qualitatively correct and quantitatively accurate potential function from the three energies obtained at the three obvious ͑and optimized͒ stationary points represented in Figure 3 . Using the usual convention, we define the ␣ 1 and ␣ 2 torsions to be describing conrotation if they increase concomitantly; hence the selection of A 11 ss to be Ϫ͉A 11 cc ͉ causes incremental conrotation to rise in energy more slowly than disrotation ͑which is found to hold in all our cases from the HF frequency analyses͒. The sign of A 11 ss does not affect the total molecular entropy. The ͑0°,0°͒ origin is taken to be the staggeredstaggered conformation since that is most often the location of the global minimum.
The quantity V 12 ϭ4 A 11 cc is the energy difference between the double maximum ͓e.g. V͑60°,60°͒ for dimethyl systems if V͑0°,0°͒ is chosen to be 0͔ and the sum of the two single rotor maxima V L ϩV R ͓e.g., V͑60°,0°͒ϩV͑0°,60°͒ for dimethyl systems͔. Ratios of V 12 to V L ϩV R using MP2/6-311ϩG(2d f ,p) energies and MP2/6-31G(d) structures are: The effect of the coupling of rotor potentials can be deduced in the following way. With our independent-rotor model, if two methyl group rotations in a molecule are equivalent, both having moment of inertia I 0 and potential barrier V 0 , then they both contribute the same amount S 0 to the absolute entropy. If one symmetrizes the two rotors, then the symmetric and antisymmetric ͑conrotatory and disrotatory͒ combinations would each have moment of inertia 2I 0 and ͑in the absence of potential coupling͒ barrier height 2V 0 , which results in two identical contributions of S 0 to the entropy, just as in the unsymmetrized case. Therefore, the symmetrized picture implies that if V 12 is positive, the conrotatory and disrotatory modes would encounter a higher barrier (2V 0 ϩV 12 ) and the true contributions to the entropy should be somewhat lower than what we would find by ignoring V 12 . This result does in fact hold in each of our cases in which V 12 is positive. This is dissimilar to the effect of kinetic coupling terms, which ͑as has been argued before 45 ͒ will raise some energy levels and lower others. Hence the effects of neglecting kinetic coupling should be relatively small due to some cancellation of errors in the partition function.
To quantify the effect of the coupling term V 12 , several calculations were performed on hypothetical dimethyl systems with varying rotor moments of inertia I L (4,1) ϭI R (4,1) , barrier heights V 0 ϭV L ϭV R , and coupling magnitudes V 12 , using a rearranged form of the potential in Eq. ͑14͒ in conjunction with the approximate partition function Q scaled . The torsional frequencies for use in Q scaled were found via normal mode analysis to be
and ⌳ xy (1) was chosen to be 0.03 amu Å
2
. The results are displayed in Table IX . The magnitude of the effect depends upon both the relative and absolute magnitude of the single barrier height V 0 ; when V 12 ϭV 0 /2, the magnitude of entropy suppression due to potential coupling varies from 0 to more The potential parameters for all the two-rotor systems we examined are listed in Table X , and were obtained from analytic fits to MP2/6-311ϩG(2d f ,p) energies calculated using geometrical structures completely optimized at the MP2/6-31G(d) level of theory for selected choices of internal torsional angles. Initially the selected points included the conrotated minima and disrotated stationary points for both ͑CH 3 ͒ 2 CH ϩ and ͑CH 3 ͒ 2 COH ϩ , but the fits produced spurious maxima and minima. The selection of ''equidistant'' points was found to produce better potential functions from both a qualitative and quantitative point of view, including satisfactory conrotated minima and disrotated stationary points. The geometry optimizations were performed by freezing the torsional angle of one of the hydrogen atoms in the rotor, but for fitting purposes the effective rotor torsional angle was taken as the average of the individual hydrogen torsional angles, 54 i.e., ␣ eff ϭ (␣ 1 Ј ϩ ␣ 2 Ј ϩ ␣ 3 Ј)/3 for a methyl group, where the ␣ i Ј are given in the range 180°Ͻ ␣ i Ј Ͻ 180°. For example, the optimization of ͑CH 3 ͒ 2 CH ϩ which had one HCCH torsional angle for each methyl group frozen at ␣ 1 Ј ϭ ϩ30°re-sulted in an ␣ eff value of 37.854°for each methyl group, because ␣ 2 Ј and ␣ 3 Ј became 164.459°and Ϫ80.896°after
optimization. Among the convenient aspects of this definition is the satisfaction of the expected symmetries V(0°)ϭ V(120°)ϭV͑ Ϫ 120°͒. The optimized points used for the fits are listed in supplementary material. 97 Most ͑if not all͒ of the potentials listed in Table X are the best two-dimensional ab initio potentials reported for these systems to date, but further improvement could readily be achieved if required for spectroscopic ͑rather than thermodynamic͒ purposes. The best spectroscopically derived potential for these systems is the second acetone potential of Goodman and co-workers 64 ͒.
͑A

IV. RESULTS AND DISCUSSION
A. Species without internal rotations
Our results for the absolute entropies ͑298.15 K, 1 atm͒ of several molecules and proteonated cations, in which internal rotations are absent ͑and for which the three models E1, E2 and E2, to be discused in Sec. V, are identical͒, are presented in Table XI . In all cases, the most abundant isotope of each atom is used, except for the additional 32 S 12 C 34 S isotopomer of carbon disulfide. The entropies are separated into their translational, rotational, and vibrational components. Symmetry effects in the rotational entropies are important when considering reaction entropies; for instance, note the significant reduction of the entropy of ammonia when protonated, due to the increase in symmetry from C 3v to T d , and the large increase in entropy of OCS when proteonated on either end, due to the decrease in symmetry from C ϱv to C s which creates a third rotational mode. The larger vibrational entropy for HNC compared with HCN indicates that hydrogen isocyanide is a floppier molecule than hydrogen cyanide.
Values of the entropy components at various temperatures are displayed for H 2 O, CS 2 , and pyrrole in Table XII , and demonstrate the expected temperature dependences of 2.5 R ln T for translation, 1.5 R ln T for rotation of nonlinear molecules, and R ln T for rotation of linear molecules. The results for vibrations show a similar temperature dependence, although the exact formula is more complex.
The accuracy of the current results for third-law entropies is demonstrated empirically by comparison with literature values for the neutral species in Table XIII ͒. Surprisingly, use of the scaled MP2/6-31G(d) harmonic bending frequency, rather than the scaled HF frequency, would actually worsen the error for OCS and cause our entropy for CO 2 to be 1.1 J mol Ϫ1 K Ϫ1 too high. We note that bending frequencies of cumulenes are known to be somewhat difficult to obtain ab initio. The largest discrepancy between the present results and published values in this section is found for the entropy of acetonitrile ͑CH 3 CN͒, where our entropy value lies below that of the NBS tables by 2 J mol Ϫ1 K
Ϫ1
. The use of experimental fundamentals for vibrational entropy increases our value only by 0.5 J mol Ϫ1 K
, leaving a puzzlingly large remaining discrepancy. However, when compared with the value from Lange's Handbook, 3 our result is an underestimate of only 0.54 J mol Ϫ1 K
. For ketene, the Lange Handbook value is certainly more appropriate that that of the NBS tables due to an apparent omission by the latter of the ϪR ln 2 term which accounts for rotational symmetry.
Isotope effects are fortunately quite minor, but warrant some discussion here. The values for third-law entropies in Table XIII and elsewhere in this work correspond to one mole of a single isotopomer. To compute a third-law entropy for a compound with mole fractions x i of various isotopomers i, one should properly compute
where the second sum is the entropy of mixing of isoto- pomers. When reaction entropies ⌬S are computed, the contributions due to mixing and rotational symmetry combine to exactly cancel out all their isotope probability terms, and hence the only effect of isotopes for reaction entropies will be due to mass, vibrational frequencies, and moments of intertia, which will largely cancel as well. Hence we use only the most abundant atomic isotopes in our calculations for third-law entropies. To examine the effect of isotopes on an absolute entropy, we computed entropies for the two most , the isotope effects which would cancel when computing a reaction entropy ͑i.e., the rotational symmetry and entropy of mixing terms mentioned above͒ are ignored, but the other isotope effects are generally included. Hence, the proper comparison in Table XIII with the literature entropies for carbon disulfide is best done with a value obtained by including the ϪR ln 2 term into S°͑ 32 S 12 C 34 S͒ before performing the isotope averaging; this removes the effect of isotopes upon rotational symmetry and allows one to ignore the entropy of mixing of isotopomers altogether. The ϪR ln 2 symmetry term is retained because users of the literature values would assume a rotational symmetry of 2 for CS 2 , and can be proven to arise from proper consideration of the rotational symmetry and entropy of mixing terms. This adjustment before averaging results in an S 298. 
B. Species with one internal rotation
To evaluate the importance of the hindered rotor model on third-law entropies, Table XIV presents the results ͑298.15 K, 1 atm͒ for the entropies of various single internal rotations using three different models for the canonical partition function. The hindered rotor entropies were found by linear interpolation of the values in the Pitzer tables, using our data which was presented in Tables V and VII for some of these species. The hindered rotor model with barrier height V 0 can be extrapolated to the free rotor ͑if V 0 →0, for which the entropy is
where is the rotor symmetry number, Rϭ8.314511
.71828 is the natural log base, and rot is the rotor rotational temperature constant
where h is Planck's constant, k is Boltzmann's constant, and I is the rotor's reduced moment of inertia. The hindered rotor model also can be extrapolated ͑if V 0 →ϩϱ and T small͒ to the harmonic oscillator, for which the entropy is and we take the harmonic oscillator frequency to be the scaled HF/6-31G(d) torsional harmonic frequency. The HF/ 6-31G(d) scaled harmonics are not expected to reproduce the true torsional fundamentals, nor the harmonics obtainable from the cosine potential, but are used to examine the performance of the harmonic oscillator approximation for torsional modes with low barriers. Table XV examines the temperature dependence of these three models of internal rotation entropy for four selected molecules. The high temperature asymptotic limit of the entropy from a harmonic oscillator is RϪR ln vib ϩR ln T, which reveals a temperature dependence which is double that appropriate for an internal rotation. In Tables XIV and XV , however, the temperatures are not sufficiently high for that incorrect high-temperature asymptote to be a problem, except for the modes with very low torsional harmonic frequencies which consequently produce very high estimates of entropies ͑e.g., toluene and, later, acetone͒. In fact, one can see in Table XV when going from 298 K to 600 K that the harmonic oscillator entropies are indeed rising relative to the free rotor results.
For the internal rotations in Table XIV , the S(Q hind ͒ values at 298 K are generally larger than those of the harmonic oscillators, and always lower than the free rotor S(Q f ) val- ues. The first of these observations indicates not only that the high-temperature limits are not approached, but also that the anharmonicity of the torsional potential surface in the Q hind model is causing the energy levels to be more congested than predicted by a harmonic potential. The exceptions ͑CH 5 ϩ , CH 3 CHOH ϩ , and CH 3 OCHOH ϩ in Table XIV͒ occur with small barrier systems, where the torsional frequency is sufficiently small that the crossover by S(Q HO ͒ caused by the incorrect high-T limit occurs at quite a low temperature. As a function of barrier height, the crossover occurs at roughly 3-5 kJ mol Ϫ1 at 298 K, the precise value depending on the moment of inertia. For barriers of this magnitude or lower, the free rotor S(Q f ) value becomes accurate to within ϳ2 J mol Ϫ1 K
Ϫ1
. This suggests that a procedure which uses S(Q HO ͒ for systems with barriers Ͼ3.5 kJ mol Ϫ1 and S(Q f ) for barriers Ͻ3.5 kJ mol Ϫ1 to calculate entropies at 298 K can achieve ϳ2 J mol Ϫ1 K Ϫ1 accuracy, which leads to the E1 model of Section V.
Our best calculated total entropies for species with just one internal rotation mode ͑298.15 K, 1 atm͒ are presented in the top part of Table XVI. The entries for the internal rotation are labelled S͑hind͒ whether treated as hindered or free rotations. Note that the systems with four or more first-row atoms have enough low-frequency vibrations to cause S͑vib͒ to climb above 10 J mol Ϫ1 K
, suggesting that the specialized scaling of ''heavy-atom'' bending mode frequencies ͑rather than the traditional use of general scale factors for all frequencies͒ could be a source of improvement in accuracy for molecules of this size.
For comparisons of these statistical entropies with literature values we return to . The use of experimental fundamentals for vibrational entropy worsens the discrepancy to 1.2 J mol Ϫ1 K Ϫ1 but, as with CH 3 CN, our result for CH 3 NH 2 compares more favorably with the Lange Handbook 3 value which lies only 0.4 J mol Ϫ1 K Ϫ1 higher. Coupling of the internal rotation with the NH 2 inversion mode, which has probably not been considered to date, may be significant. For CH 3 OCHO, our S 298. 15 value is above that of Chao et al. 58 by 0.9 J mol Ϫ1 K
. Use of experimental fundamentals reduces our value by 1.1 J mol Ϫ1 K
, accounting for the discrepancy. Our value has a large error in this case arising from relatively small errors in the calculated low frequency vibrations corresponding to the COC bend and CH 3 O-CHO torsion. Although both are underestimated by only 20 cm Ϫ1 , this effect is greatly magnified because the absolute magnitudes of the fundamentals are so low ͑ϳ300 cm Ϫ1 ͒. This example highlights the sensitivity of the calculated entropies to the low frequency vibrations.
C. Species with two internal rotations
For the species with two internal rotation modes, nine separate estimates of the contribution to the third-law entropy from these two modes were computed, and these are listed in Table XVII with labels A to I. Many approximations were examined, primarily in an effort to find a suitably accurate independent-mode approximation that might allow us to avoid a two-dimensional numerical integration and perhaps the use of Q Scaled as well. Our best estimates are shown in the rightmost Column I, and arise from use of Q Scaled , with the two-dimensional potential energy surfaces ͑PESs͒ described in Section III C used in Q Class , and their normal mode frequencies ͑see for example Equation 15͒ used in Q HO Quant and Q HO Class . These are of use in assessing the results of more approximate models.
The three varieties of independent-mode hindered-rotor approximations ͑ind.͒ which we examined, designated ''low,'' ''medium,'' and ''high'', are also independent-rotor approximations, in contrast to the all-HO model, whose independent a 2 and b 1 torsional modes ͑C 2v molecules͒ each involve a coupling of the two methyl rotations. The lowmedium-high designations refer to the modification of the three parameters of the uncoupled potential ͑A 00 , A 10 , and A 01 ͒ to produce single rotor barriers of V(0,60)ϪV(0,0), 0.5*[V(60,60)ϪV(0,0)], and V (60, 60) ϪV (60, 0) , respectively, except in the model described by column B ͑our Pitzer table method͒ for which the single-rotor barriers correspond to the energy differences between the global minima and single rotor maxima. In the usual case of A 11 cc Ͼ0, V(0,60)ϪV(0,0) has a lower value than V(60,60)ϪV (60, 0) . Hence, use of the ''low'' barrier ͑columns B, E, and H in Table XVII͒ should give an upper-bound entropy in the A 11 cc Ͼ0 cases ͑and lower-bound entropy in the A 11 cc Ͻ0 cases͒, while use of the ''high'' barrier ͑not shown͒ should give a lower-bound entropy in the A 11 cc Ͼ0 cases ͑upper bound for A 11 cc Ͻ0͒. Use of the ''medium'' barrier tended to give entropies which were too low, because at our temperatures the V(0,0)-to-V(0,60) regions of the potential surfaces of these molecules are ''sampled'' more often than the V(0,60)-to-V (60, 60) regions. However, knowing a priori whether the ''low'' or ''medium'' barrier will provide the better estimate of third-law entropy at a given temperature appears difficult. Certainly the higher V(0,60) is, the better the ''low'' barrier Ϫ1 K Ϫ1 at 600 K, and positive, suggesting that the scaled HF/6-31G(d) harmonic frequencies for internal rotation modes have a consistent remaining error, relative to the MP2/6-311ϩG(2d f ,p) values.
The special case of an internal rotation between two non-cylindrically symmetric groups was encountered only once in our molecule set, that being the rotation of the amino group against the ethyl group in ethylamine. Four energetically distinct stationary points are present, a trans minimum ͑where the nitrogen lone pair is trans to the methyl group͒, a cis maximum, a pair of energetically equivalent C 1 -symmetry gauche minima, and a similar pair of C 1 -symmetry maxima. The MP2/6-311ϩG(2d f ,p) relative energies of the MP2/6-31G(d) optimized conformations ͑in kJ mol Ϫ1 ͒ are: gauche minimum 0.0, trans minimum 0.7, C 1 -symmetry maximum 9.9, cis maximum 8.2. The various barrier heights were averaged in order to use the simple potential form in Equation ͑3͒ and hence the Pitzer tables ͑col-umn B of Table XVII͒ . At MP2/6-31G(d), the trans conformer is actually the lowest in energy, and hence our HF frequencies and MP2 rotor moments of inertia were computed for the trans conformer. On the other hand, the results in Tables XVI and XVII for CH 3 CH 2 NH 2 using Q Scaled employ PES normal mode frequencies computed at its gauche minimum; the two-dimensional results change less than 0.01 J mol Ϫ1 K Ϫ1 if the trans-conformer PES frequencies are used.
The asymmetric rotation about the C-N bond in ethylamine is also the only case encountered in this study in which one cannot simply use the torsional periodicity n of Eq. ͑3͒ as the internal rotation symmetry number in the partition function. With the free rotor model, should be taken as 1 because all rotor positions are distinguishable ͑even the two gauche forms are enantiomers͒. Alternatively, one could use ϭ3 in the formula but add R ln 3 to account for this distinguishability. With the harmonic oscillator model, one considers the three minima as corresponding to distinct isomers, and hence an entropy of mixing of the three is added, approximated by R ln 3 and included in Tables XVI and XVII. The hindered rotor result is also obtained by using ϭ3 in its formula for the Pitzer tables, but adding R ln 3 to account for distinguishability; this is equivalent to using the free rotor model with ϭ1 but adding corrections for a potential of periodicity 3. Hence the extra R ln 3 can be shown to appear in all three treatments of the asymmetric Et-NH 2 torsion mode of ethylamine.
For dimethyl systems, the harmonic oscillator approximation ͑column A of Table XVII͒ 
D. Species with three internal rotations
A full analysis of three-dimensional coupling was deemed beyond the scope of the present work. We examined three triple-rotor species, but only with HO or free-rotor approximations. The internal rotation barrier heights for a single methyl rotation in ͑CH 3 ͒ 3 N and ͑CH 3 ͒ 3 NH ϩ in Table  V , respectively, which are sufficiently high for the harmonic oscillator approximation to be satisfactory ͑leading to entropies which are perhaps up to 2 J mol Ϫ1 K Ϫ1 too low for the total entropy of ͑CH 3 ͒ 3 NH ϩ with a smaller error for ͑CH 3 ͒ 3 N͒. The tertiary-butyl cation, ͑CH 3 ͒ 3 C ϩ , has a somewhat more interesting potential surface associated with the facile internal rotations of the three methyl groups. On the one hand, two of the three MP2/6-31G(d) normal mode frequencies corresponding to internal rotation in ͑CH 3 ͒ 3 C ϩ are almost of the same magnitude as those in isobutene, for which use of the free rotor model would lead to overestimation of the contribution to the total entropy by almost 9 J mol Ϫ1 K
Ϫ1
. On the other hand, the entire torsional potential surface of ͑CH 3 ͒ 3 C ϩ ͑three torsional dimensions͒ fits within an approximately 6 kJ mol Ϫ1 span, which is much flatter than in isobutene where the two-dimensional surface spans about 21 kJ mol Ϫ1 ͑with a single-rotor barrier height of about 9 kJ mol Ϫ1 ͒, which suggests that the free rotor model should do much better for the tertiary-butyl cation than for isobutene. The combination of these two factors may mean that the free rotor approximation performs well for ͑CH 3 ͒ 3 C ϩ at higher temperatures ͑e.g., 500-600 K͒ while at lower temperatures the complex three-dimensional hindrances become increasingly important and affect the applicability of the free rotor model to an unknown extent. In this case, it is possible that a three-dimensional potential surface function of accuracy comparable to that of the two-dimensional ab initio surfaces used in the previous section could significantly improve the current, free-rotor-based 298 K result.
V. THEORETICAL MODELS FOR COMPUTING ENTROPIES
We now define three different procedures for computing ab initio third-law entropies in general. The simplest of these procedures, designated E1, uses MP2/6-31G(d) structures for the rotational entropy and HF/6-31G(d) frequencies scaled by 0.8929 with the harmonic oscillator approximation for all internal modes, except for internal rotations having very small barriers, which are treated as free rotations. Here a ''very small barrier'' is defined as less than 1.4 RT at the MP2/6-31G(d) level of theory, which corresponds to 3.5 kJ mol Ϫ1 at 298 K and 7.0 kJ mol Ϫ1 at 600 K. As a compromise between accuracy and efficiency, the moment of inertia approximation for the ͑relatively rare͒ free-rotor substitutions in the E1 model is taken as I (2, 1) . The next procedure, designated E2, is identical to E1 except for the treatment of all internal rotation modes, for which independent-mode internal rotation barrier heights are computed at the MP2/6-311ϩG(2d f ,p)//MP2/6-31G(d) level of theory, the I (m,n) approximations I (3, 1) , I (4, 1) , I (3, 4) , and I (4, 4) are calculated ͑for symmetric single rotor, symmetric multi-rotor, asymmetric single rotor, and asymmetric multi-rotor systems respectively͒, and the Pitzer tables used to provide their entropy contributions. This procedure could conceivably be automated if the Pitzer tables are installed as a computer database file and a computer program written to compute the internal rotor moments of inertia. Alternatively, as a modification to E2, a functional form could be developed to reproduce the numerical results of the Pitzer tables to a somewhat lowered accuracy, which has been done previously. 99, 100 The method of highest accuracy presented in this paper we designate as a third-level or E3 procedure, which is identical to the E2 procedure except for systems with two internal rotations. In these cases, E3 requires additional MP2/6-31G(d) geometry optimizations, and MP2/6-311ϩG(2d f ,p) energy points are used to analytically fit a coupled potential energy function, which is used in an approximate, scaled partition function ͑Q Scaled ͒ together with numerical twodimensional integration to produce the entropy for the internal rotation modes. Establishing a general recipe for constructing the internal rotation potential surfaces which is appropriate for all multirotor cases will require future research, and may not result in an attractive method, particulary if triple-rotor cases like ͑CH 3 ͒ 2 NOH or rotor-in-rotor cases like diethylether will require much more ab initio data. The E1, E2 and E3 models for systems with two internal rotations correspond to the entries in columns A, B and I, respectively, of ͒ is fortuitously good because of the early onset of the incorrect high-T asymptote of the harmonic oscillator, which can be seen in the results of Table XV and was noted earlier for CH 3 CHOH ϩ . Toluene represents the extreme case of this incorrect high-T asymptote. Use of the harmonic oscillator approximation leads to an error of ϩ22.6 J mol Ϫ1 K
Ϫ1
. This is the motivation for treating low frequency torsions, which will frequently be associated with sixfold or approximately sixfold symmetries, as free rotors within the E1 model. The difference between the E1 and E2 ͑or E3͒ values for toluene, due only to the different I (m,n) approximations, is imperceptible.
For the molecules with two internal rotations, the E1 values deviate from E3 values by Ϫ1.1 to Ϫ1.
͒, for which two free rotors were employed in place of two harmonic oscillators. The barriers to internal rotation in acetone are small enough that the incorrect high-T asymptote makes the harmonic oscillator model a poor approximation ͑resulting in a ϩ6.1 J mol Ϫ1 K Ϫ1 deviation from E3͒, hence the replacement by free rotors in the E1 procedure. The E2 values suggest that E2 does come close to the goal of 1 J mol Ϫ1 K Ϫ1 accuracy, which appears to be the limit for an independent-mode procedure.
VI. CONCLUSIONS
Three general models for computing third-law entropies for gas-phase molecules or ions have been developed and presented in this study, and are designated E1, E2, and E3. For small, rigid molecules, the three models employ the same theoretical procedures as used in G2 theory, namely MP2/6-31G(d) optimized geometries and scaled HF/6-31G(d) harmonic vibrational frequencies. They provide entropies accurate to 0.5 J mol Ϫ1 K Ϫ1 at 298 K. For molecules with one internal rotation, E1 uses the harmonic oscillator approximation for all vibrational modes except for very low frequency torsions which are treated as free rotors. It will usually underestimate the third-law entropies, by up to to ϳ1.5 J mol Ϫ1 K
Ϫ1
. The E2 and E3 models replace the harmonic oscillator approximation by use of a single cosine potential ͑calculated at the MP2/6-311ϩG(2d f ,p)//MP2/6-31G(d) level͒ for single-rotor molecules and this gives entropies accurate to 1 J mol Ϫ1 K Ϫ1 at 298 K. For molecules with two internal rotations, E1 should be accurate to 2 J mol Ϫ1 K Ϫ1 unless the internal rotation barriers are 2-4 kJ mol
, in which case the error might be slightly larger, while E2, which uses an independent-mode approximation, will probably be accurate to significantly better than 2 J mol Ϫ1 K
. E3, which takes into account the coupling between rotors, should be accurate to 1 J mol Ϫ1 K Ϫ1 unless there are many low-frequency modes present. For systems with two neighbouring internal rotors, E3 represents one of the most accurate means of computing third-law entropies reported to date. The E1 procedure, on the other hand, is sufficiently simple and generally gives sufficient accuracy to be suitable for widespread application.
Our investigation of various statistical thermodynamic models for calculating the entropy of an internal rotation shows that significant improvements on harmonic oscillator and free rotor results can be made using tabulated results for single cosine potentials. The harmonic oscillator approximation usually underestimates the entropy, by 1-2 J mol Ϫ1 K
at 298 K for internal rotations having barriers between roughly 4 and 10 kJ mol
, but can cause a substantial positive error when the barrier is less than ϳ4 kJ mol Ϫ1 at 298 K due to its incorrect high-temperature or low-frequency asymptote, by up to ϩ23 J mol Ϫ1 K Ϫ1 in our worst case ͑tolu-ene͒. The free rotor model results in overestimates of entropy which are worst in high barrier situations, by up to ϩ6 J mol Ϫ1 K Ϫ1 per internal rotation in the cases studied here. A judicious combination of the harmonic oscillator and free rotor approximations ͑as in the E1 model͒ limits the error to rather less than 2 J mol Ϫ1 K Ϫ1 per internal rotation. Results using an idealized simple cosine potential ͑as in the E2 model͒ are anticipated to be accurate to better than 1 J mol Ϫ1 K Ϫ1 for internal rotations for which this potential is reasonable. For species with two internal rotations, various attempts at independent-mode-approximation models ͑using different choices for uncoupled potentials and partition functions͒ failed to significantly improve on the accuracy of results using simple individual cosine potentials. In these cases, a treatment involving rotor-rotor potential coupling ͑as in the E3 model͒ gives the most accurate results, and twodimensional potentials based on MP2/6-311ϩG(2d f ,p) energies are presented for the internal rotations of twelve such species.
